. . , r s 0, then either f r , . . . , r s 0 for all r , . . . , r g R or R is a finite
matrix ring over a finite field. ᮊ 1996 Academic Press, Inc.
Ž . I RESULT
Let R be an associative ring. An element r g R is said to be nilpotent if r n s 0 for some integer n G 1. A subset S of R is called nil if all r g S are nilpotent. It is easy to see that R has no nil right ideals if and only if R has no nil left ideals. Nil right ideals or nil left ideals together are generally called nil one-sided ideals.
Assume that R is a prime ring with the extended centroid C. The ring Ž . RC is called the central closure of R. Let f s f x , . . . , x be a polyno- the extended centroid C. The polynomial f is called an identity of R, if Ž . f r , . . . , r s 0 for all r , . . . , r g R. The polynomial f is said to be nil
Ž . on R if for any r , . . . , r g R, f r , . . . , r is nilpotent, that is,
. . , r s 0 for some integer n s n r , . . . , r G 1 depending on
We hence exclude these somewhat trivial exceptions. Here are some def. w x known partial results: Herstein first proved the case for f s x, y s xy y yx on arbitrary prime rings. The assertion for any arbitrary f on Ž . w x semi primitive rings only was proved in a joint work of Herstein, et al. 4 The theorem can be used to improve results on this line by removing the multilinearity assumption. Let us mention two of them here: Let R be a Ž . prime ring without nonzero nil one-sided ideals and let f x , . . . , x be a 1 d Ž . polynomial satisfying the following two conditions: A If the characteristic Ž . of R is of the finite characteristic p G 2, then f x , . . . , x is not an Ž .
Ž . characteristic of R is not 2. The hypotheses A and B on the polynomial Ž . w x f x , . . . , x are inherited from the fundamental work 4 , where the 1 d structure of power central polynomials on division rings is determined under these two hypotheses. The general method for attacking problems Ž . Ž . I and II is a reduction to nil polynomials on prime rings and to power central polynomials on division rings. Hence any progress on the knowledge of nil polynomials on prime rings and power central polynomials on Ž . division rings will automatically improve the known results in the form I Ž . Ž . and II above. Our theorem is one step toward this goal. The proofs of I Ž . w x and II as stated above are pretty much the same as those in 9, 1 and are omitted here for brevity.
Ž . II PROOF
We first recall three simple facts, whose proofs are also included here for the sake of completeness: 
Ž .
Proof. For t g , let t denote the element t q l l in the quotient def.
def.
Ž . Ä 4 ring s r l l . For a subset T of , let T s t : t g T . n, that is, t g l and hence t s 0. So T is nil. Since T : T, T is nil. But T is a right ideal of R. So T s 0 and hence T s 0. This shows that has no nonzero nil one-sided ideals. Finally, let ␣ be an element of the extended centroid of R and let 0 / I be a two-sided ideal of R such that ␣ I : R. The map ␣ : t g I¬ ␣ tg for t g I is well defined and gives an element of the extended centroid of . Hence ␣, when it acts on , is interpreted as ␣. Since R satisfies a nontrivial generalized polynomial identity, eRCe is a PI-ring and hence so is R l eRCe. For a prime PI-ring, its central quotient ring and its Martindale quotient ring coincide. But the center of eRCe is Ž . Ž . obviously eC. So we have eRCe : R l eRCe и eC s R l eRCe C. The Ž . other inclusion eRCe = R l eRCe C is obvious. So we have the equality Ž . eRCe s R l eRCe C, as asserted.
An element a g R is of the nilpotency index n if a n s 0 and a ny 1 / 0. If there exists an integer m G 1 such that any nilpotent element of R has the nilpotency index F m, then the ring R is said to be of bounded nilpotency index and the least such integer m is called the nilpotency index of R. If there does not exist such an integer m G 1, then R is said to be of unbounded nilpotency index. 
So we have a s 0 but a / 0.
Fix arbitrarily finitely many distinct noncommuting variables x, z , . . . , z . We will consider polynomials in these variables and with their 1 d coefficients in the extended centroid C of R. A typical monomial assumes the form def. eral is defined to be the minimum of the average x-degrees of monomials Ž involved nontrivially in f. Note that the average x-degree of a polynomial is, in general, either a rational G 0 or ϱ, not necessarily an integer. The average x-degree of a polynomial is ϱ if and only if it involves the variable . x only. By a cyclic monomial of the initial degree m G 0, we mean a monomial of the form def. The following contains the main computation of our argument: for some i s 1, . . . , n y 1, then a, z , . . . , z a s 
But for a typical term g S of the form 1 , since the average x-degree of is G l, we have t q t G l and hence also t G m. We may thus write
where g x, z , . . . , z is a polynomial of x, z , . . . , z . We hence have
Ž .
Ž . Ž .
Ž . Ž . 
Ý Ý
d
With this equality, we compute:
ially leading cyclic monomials. For notational simplicity, we restrict ourselves to polynomials in two distinct variables only: A typical monomial in the two variables x, y assumes the form:
where 0 / ␣ g C, where n G 0 and where t , t , . . . , t G 0 are integers. Ž . of the average x-degree bl q . In order to make the expression 4 cyclic, the following conditions must be satisfied: y q bt q s bl q , Ž . 
Ž .
1 n n 0
These n-equations are dependent: The last equation is the sum of the first Ž . ny1 equations since l, the average x-degree of x, y , is defined to be Ý n t rn. We can solve , . . . , in terms of :
s qbl y bt s q 2 bl y b t q t , Ž .
We can thus choose the positive integer so large that all , . . . , G 0, , as asserted.
is1 i
As we consider only polynomials in the two variables x, y, we need a substitution which converts polynomials in variables other than x, y to polynomials in x, y only:
is a nontri¨ial polynomial in the secutively, the claim is proved.
With these lemmas in hand, we are now ready to give:
Proof of Theorem. We first show that if R satisfies a nontrivial generalized polynomial identity, then the assertion of the theorem holds: By the w x result of 8 , RC is then a primitive ring with nonzero socle. First, assume that the extended centroid C is finite. We can then pick a nonzero two-sided ideal I of R such that ␣ I : R for each ␣ g C. But IC is a nonzero two-sided ideal of RC and hence must contain the socle. Since I is so chosen that IC : R, the ring R itself must also contain the socle and hence must be also primitive. The assertion now follows from Theorem 1.7 w x of 4 . Second, assume that C is infinite. Let e g RC be an idempotent of the finite rank k. Then f k is a polynomial identity of R l eRCe. But the Ž . ring R l eRCe and its central quotient ring eRCe by Fact 2 satisfy the w x k same polynomial identities by Theorem 2 on page 52 of 7 . So f is also w x an identity of eRCe. By Theorem 2 on page 90 of 7 , the polynomial f itself also vanishes identically on eRCe. Since any finitely many elements of the socle of RC must fall in some eRCe for a suitable idempotent e g RC of the large enough finite rank, f vanishes on the socle of RC. Since the socle of RC is a dense subring of RC, the identity f vanishes on RC and hence on R as asserted.
It thus suffices to show that R satisfies a nontrivial generalized polynomial identity. By Lemma 3, R also possesses a nil polynomial in x, y only, Ž . Ž . say g x, y . We proceed by the induction on the y-degree of g x, y to show that R satisfies a nontrivial generalized polynomial identity: As the Ž . induction basis, we first assume that the y-degree of g x, y is 0. That is, Ž . g x, y is a polynomial in x only, say, Ž . Ž .
1 n n Ž .
n Since ␣ a, . . . , ␣ a g J J R , the element 1 q ␣ a q иии q␣ a is invert-1 n 1 n ible and hence a m s s 0. This shows that I is a nonzero nil two-sided ideal of R, a contradiction to our assumption. So we assume that the y-degree Ž . Ž . of g x, y is ) 0. Fix an arbitrary term of g x, y in the lowest possible Ž average x-degree and let n be the y-degree of this term. Hence n must be Ž .. F the y-degree of g x, y . By Lemma 2, there exist integers b, , G 0 i
